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On domains with properties weaker than atomicity

Noah Lebowitz-Lockard

Department of Mathematics, University of Georgia, Athens, Georgia, USA

ABSTRACT
In general, ring theory is focused on atomic rings, i.e., rings in which every
non-zero non-unit element has a factorization into irreducible elements. In
a recent article of Boynton and Coykendall, the two authors introduce two
properties that are slightly weaker than atomicity, which they call “almost
atomicity” and “quasi-atomicity”. In this article, we classify various proper-
ties weaker than atomicity and find domains that possess certain combina-
tions of them.
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1. Introduction

Many ring theory articles focus on UFDs, but not on domains (commutative rings with no non-
zero zero-divisors) with similar, though slightly weaker, properties. Anderson et al. [1] wrote a
article on domains that are atomic, but not UFDs. In other words, these are domains in which
every non-zero non-unit element is a (not necessarily unique) product of irreducible elements.
We take another step by considering domains with properties that are weaker than atomicity.

Boynton and Coykendall [2] recently created two definitions that are slightly weaker than
atomicity, namely “almost atomicity” and “quasi-atomicity”. In order to show that these proper-
ties are not equivalent, they also provided an example of an almost atomic domain that is not
atomic and a quasi-atomic domain that is not almost atomic. Unfortunately, their quasi-atomic
domain was actually almost atomic, leaving open the question of whether the two properties are
distinct. We find a quasi-atomic domain that is not almost atomic and prove that the quasi-
atomic domain in [2, Ex. 5.5.1] is almost atomic. In addition, we create a new definition—“nearly
atomic”—that is at most as strong as atomic and stronger than almost atomic.

Clark [3] recently noted that Furstenberg’s proof of the infinitude of the primes [7] applies to a
wide class of domains that are not necessarily atomic, which Clark has referred to as “Furstenberg
domains.” In addition to weakening atomicity, we also weaken the Furstenberg property. For each
weakening of atomicity, we provide a corresponding weakening of the Furstenberg property. We then
prove various relationships between the properties of these domains.

2. Generalizations of atomicity

Throughout this article, we use the following notational conventions. For a given domain R, R� is
the set of non-zero elements of R and R� is the set of units.
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Definition 1. An element a of a domain R is an atomic element if a is the product of irreducible
elements of R. We say that R is an atomic domain, or “factorization domain,” if every non-zero
non-unit element is atomic [4, Chapter 15.2].

We define AðRÞ to be the submonoid of atomic elements and units of R. Note that a domain
R is atomic if and only if AðRÞ ¼ R�.

Definition 2. A domain R is nearly atomic if there exists a b 2 R� such that bðR� R�Þ � AðRÞ.

Definition 3. A domain R is almost atomic if for all a 2 R�, there exists a b 2 AðRÞ such that
ab 2 AðRÞ [2].

An alternate characterization of an almost atomic domain R is that every element of R is con-
tained in the field of fractions of the subring of R generated by the irreducible elements. This is
due to the fact that every non-zero non-unit element of R may be expressed in the form
ðp1 � � � pkÞ=ðc1 � � � cnÞ, where each pi and ci is an irreducible element of R.

Definition 4. A domain R is quasi-atomic if for all a 2 R�, there exists a b 2 R� such that ab 2
AðRÞ [2].

We want to show that Figure 1 gives the currently defined properties in the correct order. (All
currently undefined properties will be defined later in the article.) The only part that does not
immediately follow from the definitions is shown in the following result.

Lemma 5. A nearly atomic domain is almost atomic.

Proof. Let R be a nearly atomic domain. By definition, there exists a b 2 R� such that ab is a
product of irreducible elements for all non-zero non-units a 2 R. If b were a unit, then ab would
only be a product of irreducible elements whenever a is, implying that R is atomic. Suppose b is
not a unit. Then, b2 is a product of irreducible elements because it is the product of b and a
non-unit element of R. If a is not a unit, then neither is ab. Multiplying any non-zero non-unit
element a by b2 produces a product of irreducible elements because ab2 ¼ ðabÞb. Because b2 is
the product of irreducible elements, R is almost atomic. w

Unique factorization domain

Atomic Nearly atomic

Almost atomic Quasi-atomic

Furstenberg Nearly Furstenberg

Almost Furstenberg Quasi-Furstenberg

Not antimatter (not a field)

Integral domain

Figure 1. Various classes of rings.
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At this point, we have not shown that the four properties in this section are distinct. We close
this section with two simple examples showing that atomicity is stronger than almost atomicity,
which is in turn stronger than quasi-atomicity. Whether all nearly atomic domains are atomic
remains open.

Example 6. We construct an almost atomic domain that is not nearly atomic. Let
R ¼ Z½x� þ x2Q½x�. (Another representation is Zþ Zxþ x2Q½x�.) In order to prove that R is
almost atomic, but not atomic, we classify the atomic elements of R. Let f ðxÞ 2 R divide x. If f(x)
is a constant, then f ðxÞ ¼ 61 because f ðxÞ 2 Z and ð1=f ðxÞÞx 2 Zþ Zx. If f(x) is not constant,
then f(x)¼± x by a similar argument. Hence, x is irreducible. Likewise, rational primes are irre-
ducible as well.

Let f ðxÞ ¼ a0 þ a1xþ � � � þ anxn 2 R. Suppose a0 6¼ 0 and f ðxÞ 6¼ 61. We show that f(x) is
atomic by putting an upper bound on k, where f ðxÞ ¼ g1ðxÞ � � � gkðxÞ with each gi(x) a non-unit
in R. The product of the constant terms of the gi’s is a0. Because a0 is an integer and gi(0) is
always an integer, there are at most Xða0Þ values of i for which gið0Þ 6¼ 61, where Xða0Þ is the
number of (not necessarily distinct) prime factors of a0. If gið0Þ ¼ 61, then giðxÞ is not constant
because it is not a unit. There are at most degðf Þ values of i for which gið0Þ ¼ 61. Hence,
k � Xðf ð0ÞÞ þ degðf Þ. If f ð0Þ 6¼ 0, then f(x) is atomic.

Suppose a0¼ 0, but a1 6¼ 0. We use a similar argument. We have f ðxÞ ¼ g1ðxÞ � � � gkðxÞ, where
each giðxÞ is in R�. The polynomial giðxÞ is constant for at most Xða1Þ values of i. In addition,
giðxÞ is non-constant for at most degðf Þ values of i. In this case, k � Xða1Þ þ degðf Þ. Once again,
f(x) is atomic.

Let am 6¼ 0 and ai¼ 0 for all i<m. Suppose am 2 Z. Then, f ðxÞ ¼ xm�1gðxÞ, where the coeffi-
cient of x in g(x) is am. By our previous argument, g(x) is atomic, and thus f(x) is atomic.
Suppose am 62 Z. Suppose f ðxÞ ¼ g1ðxÞ � � � gkðxÞ, where each giðxÞ is irreducible. The first non-
zero coefficient of giðxÞ is not an integer for some i. However, that would imply that every integer
divides gi(x) and that gi(x) is not irreducible. Thus,

A Rð Þ ¼ f 2 R� : thefirstnon�zerocoefficientof f isaninteger
� �

:

Hence, the domain R is not atomic because it has non-zero non-unit elements that are not
atomic, in particular, those in which the first non-zero term is not an integer. For any non-zero
f 2 R, there exists an element g for which fg is not atomic because its first non-zero coefficient is
not an integer. Thus, R is not nearly atomic.

However, we can multiply any non-zero polynomial by the denominator of its first non-zero
term to obtain an atomic element. Therefore, R is almost atomic.

Example 7. We construct a quasi-atomic domain that is not almost atomic. Let
R ¼ Z½x� þ x2R½x�. Let f ðxÞ ¼ a0 þ a1xþ � � � þ anxn 2 R� with am the first non-zero coefficient.
By an argument similar to the previous example, f(x) is atomic if and only if am 2 Z and
f ðxÞ 6¼ 61. If am 62 Z, then ð1=a2mÞx2f ðxÞ is atomic. Hence, R is quasi-atomic. If am 62 Q, then
f ðxÞgðxÞ is not atomic for any atomic g(x) because the first non-zero coefficient of f ðxÞgðxÞ is not
an integer. Hence, R is not almost atomic.

Kaplansky’s Theorem [8, Thm. 1.1.5] states that a domain is a UFD if and only every non-
zero prime ideal contains a prime element. We give a similar theorem for quasi-atomic domains.

Theorem 8. A domain is quasi-atomic if and only if every non-zero prime ideal contains an irre-
ducible element.

Proof. Let R be a quasi-atomic domain with a non-zero prime ideal P. Let a be a non-zero elem-
ent of P. Because R is quasi-atomic, there exists some b 2 R� such that ab is atomic. In addition,
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ab 2 P because P is an ideal. We may write ab as p1 � � � pn with each pi irreducible. Finally, P
contains some pi since P is prime. If R is quasi-atomic, then every non-zero prime ideal contains
an irreducible element.

Suppose that R is not quasi-atomic. Then, R contains an element a for which the ideal (a) is
non-zero, proper, and contains no atomic elements. The atomic elements form a multiplicatively
closed set. By Multiplicative Avoidance [8, Thm. 1.1.1], (a) is contained in a prime ideal P that
contains no irreducible elements. If R is not quasi-atomic, then R contains a prime ideal P that
does not contain an irreducible element. w

3. Furstenberg domains

Clark recently proved that Furstenberg’s “topological” proof of the infinitude of primes [7] holds
in any integral domain in which there are finitely many units and every non-unit element has an
irreducible divisor [3]. This result leads us to a new definition.

Definition 9. A domain R is Furstenberg if every non-zero non-unit element of R has an irredu-
cible divisor.

It is clear that all atomic domains are Furstenberg. We no longer demand that elements be
factorable into irreducible elements, but merely that they have some irreducible divisor. We can
modify each of the definitions in the previous section with this idea in mind. The following three
definitions are original to this article.

Definition 10. A domain R is nearly Furstenberg if there exists a b 2 R� such that for every
a 2 R� R�, there exists an irreducible element p such that p divides ab, but not b.

Definition 11. A domain R is almost Furstenberg if for any a 2 R� R�, there is a b 2 AðRÞ and
an irreducible element p such that p divides ab, but not b.

Definition 12. A domain R is quasi-Furstenberg if for any a 2 R� R�, there exist b; p 2 R such
that p is irreducible and p divides ab, but not b.

Theorem 13. A quasi-atomic domain is quasi-Furstenberg.

Proof. Let R be a quasi-atomic domain and a 2 R� R�. Because R is quasi-atomic, there exists
some b 2 R such that c ¼ ab is atomic. There exist (not necessarily distinct) irreducible elements
p1; :::; pn such that c ¼ p1 � � � pn. For each pi, we perform the following process. If pi does not
divide b, then we have found an irreducible element that divides ab, but not b. If pi divides b,
then we divide b and c by pi to obtain aðb=piÞ ¼ c=pi. If we divide out every pi this way, then
we obtain aðb=cÞ ¼ 1. But this is impossible because a is not a unit. Thus, pi-b for some i � n.
Hence, R is quasi-Furstenberg. w

Unfortunately, it is unknown whether all nearly atomic domains are nearly Furstenberg or all
almost atomic domains are almost Furstenberg. Similar proofs do not work in these cases because
we need b to be constant or atomic, respectively. This is impossible to ensure after dividing b by
an irreducible element.

A weak condition that we can impose on an integral domain is simply that it has irreducible
elements, without assuming any structure on those elements.

Definition 14. A domain is an antimatter domain if it is contains no irreducible elements [5].
A theorem of Krull states that every ordered commutative group can be the value group of a

valuation domain [9]. A commutative group (G, þ) is divisible if for every n 2 Zþ and g 2 G,
there exists an element y 2 G such that ny¼ g. One example of a divisible group is ðQ;þÞ.
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Krull’s result shows that it is possible for a valuation domain to have a nontrivial divisible value
group. Such valuation domains are antimatter domains, but not fields. For more information on
antimatter domains, see [5].

Example 15. We present a domain that is both nearly Furstenberg and almost Furstenberg, but
not Furstenberg. Let T ¼ [1

n¼1Q½½x1=n�� be the Puiseux series ring over Q [6, Chapter 2.1]. For all
n, Z½½x1=n�� þ x1þð1=nÞQ½½x1=n�� 	 T. Let R ¼ [1

n¼1ðZ½½x1=n�� þ x1þð1=nÞQ½½x1=n��Þ � T. In addition, R
is closed under addition, subtraction, and multiplication, making R a subring of T.

By definition, R is the ring of power series with rational coefficients and exponents in which
the exponents have bounded denominator and the coefficient of xq is an integer when q � 1. For
the remainder of this proof, the coefficient of xq in a power series f(x) is aq.

The irreducible elements of R are precisely those in which the constant term is a rational
prime. Note that xq is never irreducible because xq ¼ ðxq=2Þ2 and xq is not a unit. Thus, x is not a
multiple of any irreducible element. Consider xf(x), where f is a non-unit element of R�. Let r be
the smallest number for which ar 6¼ 0. If r is positive, then the smallest exponent of xf(x) is
1þ r> 1. Therefore, f(x) is a multiple of every rational prime, even though x is not a multiple of
any rational prime. Suppose r¼ 0. Then, a0 is not 0 or ±1. In this case, f(x) already has a rational
prime divisor because a0 has such a divisor. Hence, xf(x) has a rational prime divisor as well.
Thus, R is nearly Furstenberg.

Because f is not a unit, a0 6¼ 61. So, a0 has a prime factor p. Consider ðpþ xÞf ðxÞ. Clearly, p
divides pf(x). The first term of xf(x) is a0x. Every other term has an exponent greater than 1.
Therefore, p divides xf(x) as well. Thus, pEðpþ xÞf ðxÞ, even though p does not divide the irredu-
cible element pþ x. Hence, R is almost Furstenberg.

Let T be the Puiseux series ring over Q. We observe that T is a valuation domain with value
group Q, implying that it is an antimatter domain. Taking subrings of T allows us to impose con-
ditions on the irreducible elements more easily because we do not initially have any
such elements.

4. A few final domains

In this section, we construct two domains with unusual properties. Because they are short proofs,
they do not get their own sections.

Lemma 16. Not all Furstenberg domains are quasi-atomic.

Proof. Let R ¼ Zþ xQ½x�. In other words, R is the ring of polynomials with rational coefficients
in which the constant term is an integer. The irreducible elements of R are the rational primes
and the polynomials with constant term 1 that are irreducible in Q½x� [2]. Let f ðxÞ 2 R� R� have
constant term c. If c¼ 0, then f(x) is a multiple of every rational prime. If c is composite, then
f(x) is a multiple of the rational primes that divide c. If c¼± 1, then f(x) is irreducible if and
only if f(x) is irreducible in Q½x�. Finally, if c is a rational prime, then f(x) is irreducible if and
only if f(x)¼ c. To summarize, the irreducible elements of R are the rational primes and the irre-
ducible polynomials f ðxÞ 2 Q½x� with the property that f(0)¼± 1.

Atomic elements are simply the products of irreducible elements. Therefore,

A Rð Þ ¼ f xð Þ 2 R : f 0ð Þ 6¼ 0
� �

:

If f(0)¼ 0, then (fg)(0)¼ 0 for all gðxÞ 2 R. In this case, every multiple of f(x) is not atomic.
Thus, R is not quasi-atomic. However, every non-constant polynomial in R with a constant term
of ±1 is atomic and every polynomial with a constant term that is not 0 or ±1 is a multiple of
some rational prime. Hence, R is Furstenberg, but not quasi-atomic. w
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Clark notes that the ring HolðCÞ of entire functions f : C ! C is Furstenberg, but not atomic
[3, Ex. 4.19]. We briefly note that it is not quasi-atomic either. The units are the functions f for
which the zero set Z(f) is empty. The atomic elements are those f for which Z(f) is finite, but
non-empty. If f is a non-unit non-atomic function, then Z(f) is infinite. For all g 2 HolðCÞ, Z(fg)
is infinite as well. Every multiple of f is not atomic. Therefore, HolðCÞ is not quasi-atomic.

Lemma 17. There are domains that are neither antimatter nor quasi-Furstenberg.

Proof. Let R ¼ [1
n¼1Z½½x1=n�� be the Puiseux series ring over Z. Because the irreducible elements

of Z are irreducible in R, R is not an antimatter domain. Let a¼ x and let b be any non-zero
element of R. We can show that if an irreducible element p divides ab, then p must divide b as
well. If p(0)¼ 0, then p is a multiple of xq for some q 2 Qþ. But, x

q is not irreducible. Therefore,
p has a non-zero constant term. But, the constant term of bx is 0. Hence, pxEbx and pEb. Thus,
R is not quasi-Furstenberg. w
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Appendix

A correction

Let R ¼ F2½X; y;Z�ðX;y;ZÞ, where X ¼ fxa : a 2 Qþg and Z ¼ fxayk : a 2 Q; k 2 Z; k> 1g. We prove that R is almost
atomic, but not Furstenberg. Every non-zero element of R is the product of a polynomial and a unit. For conveni-
ence, we only consider the polynomial parts of each element.

Lemma 18. The irreducible polynomials in R are precisely those in which the coefficient of y is 1 and the con-
stant term is 0.

Proof. Let f(x, y) be a polynomial in R. If the constant term of f is 1, then f is a unit. Suppose the constant term
is 0. If the coefficient of y is not 1, then there exists some a 2 Qþ such that xa divides f(x, y). Of course, xa is not
irreducible or a unit. Suppose y is a term in f. Suppose f ðx; yÞ ¼ gðx; yÞhðx; yÞ, where g and h are polynomials in
R. The product of one of the terms of g and one of the terms of h is y. Therefore, 1 is a term of either g or h,
making either g or h a unit. In other words, if we write f as the product of two elements of R, then one of those
elements is a unit. Thus, f is irreducible. w

Corollary 19. Let f(x, y) be a polynomial in R. If there exists a non-negative integer k such that ykþ1 is a term
in f and f is a multiple of yk, then f is atomic.

Proof. Because f is a multiple of yk, there exists some gðx; yÞ 2 R such that f ðx; yÞ ¼ ykgðx; yÞ. One of the terms of
g is y. Therefore, g is irreducible and f is a product of irreducible elements. w

Theorem 20. The domain R is almost atomic.

Proof. Let f ðx; yÞ 2 R. Then, f(x, y) is the product of a polynomial and a unit. We only need to consider the poly-
nomial part. Let xayk be the first term of f in the lexicographic ordering on Z�Q. In other words, we choose k to
be as small as possible. If this occurs in multiple terms, we choose the term with the smallest a. There are a
few cases.
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i. a¼ 0. Then, yk is the smallest term of f(x, y). The exponent of y in any term of f is at least k. If k¼ 0, then
f is a unit. Otherwise, every term is a multiple of yk�1, making f atomic or a unit by Corollary 19.

ii. a< 0. By assumption, k > 1. Consider ðyþ x�aÞf ðx; yÞ. If the exponent of y in a given term is r with r 
 2,
then that term is a multiple of yr�2. Thus, every term in f(x, y) is a multiple of yk�2. Therefore, yk�1 divides
yf. The smallest term in x�af ðx; yÞ is yk. Every term in x�af has the form xbyk with b 
 0 or xbyr with r> k.
Either way, yk�1 divides xbyk. Hence, yk�1 divides x�af . Thus, yk�1Eðyþ x�aÞf , which has yk as a term. So,
ðyþ x�aÞf ðx; yÞ is atomic.

iii. a> 0 and f(x, y) does not contain a term of the form x�bykþ1 with b 2 Qþ. Consider ðyþ x�ay2Þf ðx; yÞ.
Every term in f(x, y) has the form xcyk with c 
 0; xcykþ1 with c 
 0, or xcyr with c 2 Q and r> kþ 1. All
of these terms are multiples of yk. Therefore, ykþ1 divides yf(x, y). The smallest term in x�ay2f ðx; yÞ is ykþ2.
Hence, ykþ1 divides x�ay2f ðx; yÞ as well. Thus, ðyþ x�ay2Þf ðx; yÞ is atomic because it is a multiple of ykþ1

and has ykþ2 as one of its terms.
iv. a> 0 and f(x, y) contains a term of the form x�bykþ1 with b 2 Qþ. Choose b to be the largest rational num-

ber in which x�bykþ1 is a term of f. Consider ðyþ xbÞf ðx; yÞ. Every term in xbf ðx; yÞ has the form xcyk with
c> 0; xcykþ1 with c 
 0, or xcyr with c 2 Q and r> kþ 1. All of these terms are multiples of ykþ1. All of
these terms are multiples of yk. Every term in yf(x, y) has the form xcykþ1 with c> 0 or xcyr with r> kþ 1.
Once again, these terms are all multiples of yk. Hence, ykEðyþ xbÞf ðx; yÞ. Also, ðyþ xbÞf ðx; yÞ has ykþ1 as a
term, and thus is atomic. w

In [2, Ex. 5.5.1], the authors claim that R is not almost atomic. But, we have just shown that this is incorrect.
They obtained this result due to a mistake in their Example 4.4.1. They claimed that the irreducible elements of R
are precisely those in which the smallest term is y when the terms are put in lexicographic ordering as elements of
Z�Q. In fact, the irreducible elements are simply those which contain y as an element. For example, xa comes
before y in the lexicographic ordering for any a 2 Qþ. So, yþ xa would not be considered irreducible in [2], even
though we have shown that it is. Unfortunately, R is the only example of a quasi-atomic domain that is not almost
atomic in [2]. For a quasi-atomic domain that is not almost atomic, see Example 7.
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