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1. Expressing numbers as sums of squares

Theorem 0.1 (Lagrange). Every number is the sum of four squares.

Pollack and Treviño [?] recently found an ERH-conditional algorithm for expressing n
as a sum of four squares with expected running time O((log n)2) and an unconditional
algorithm with expected running time O((log n)2/ log log n).

Is there a faster algorithm for expressing n as a sum of k squares with k > 4?

Currently, the fastest algorithm is to write n as a sum of 4 squares, then add k − 4
zeroes to the sum.

2. Analytic functions of additive functions

See [4] for the definitions in this section.

Theorem 0.2 ([4, Thm. 1.3]). If f1, . . . , fk are additive functions for which every
nontrivial linear combination has a continuous distribution function, then every non-
constant polynomial in f1, . . . , fk has a continuous distribution function as well.

Does this result still hold if we replace “nonconstant polynomial” with
“nonzero analytic function”?

Note that it does not hold if we use “nonzero continuous function” instead.

3. The additive uniqueness of the k-tetrahedral numbers

Definition ([10]). A set S ⊆ Z+ is additively unique (AU) if the only nonzero multi-
plicative function f satisfying the equation

f(x+ y) = f(x) + f(y)

for all x, y ∈ S is the identity function.

Theorem 0.3 ([2]). The triangular and tetrahedral numbers are AU.

Park showed that the triangular numbers satisfy a stronger property than being AU.
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Theorem 0.4 ([7]). For a fixed positive integer n, the only nonzero multiplicative
function f satisfying the equation

f(t1 + · · ·+ tn) = f(t1) + · · ·+ f(tn)

for all triangular t1, . . . , tn is the identity function.

Are the k-tetrahedral numbers AU? Do they satisfy the stronger condition
for sums of n elements?

One could modify the proofs that the triangular and tetrahedral numbers are AU to
apply to k-tetrahedral numbers for specific values of k, but it’s hard to see how to
generalize it to all k.

4. The Mondrian Puzzle

For sufficiently large values of n, we can take an n×n square and split it into a disjoint
set of smaller squares with distinct integral sides lengths. The Mondrian Puzzle is
to minimize the function M(n), which is the difference between the lengths of the
longest and shortest sides of the interior squares. Very little is known about M(n). In
particular, little is known about solutions to M(n) = 0.

Does the equation M(n) = 0 have any solutions?

Does the set of n for which M(n) = 0 have density less than 1?

The fact that both of these questions are open is quite surprising. O’Kuhn [6] recently
proved that

#{n ≤ x : M(n) 6= 0} � x log log x

log x
.

We can improve this result.

Theorem 0.5. We have

#{n ≤ x : M(n) 6= 0} � x

log log x
.

5. Factorizations into different numbers of distinct parts

Definition. A partition is a way of expressing a number as sum of positive integers.
A factorization is a way of expressing a number as a product of integers greater than
1.

Definition. Let de(n), do(n), De(n), and Do(n) be the number of partitions and fac-
torizations into even and odd numbers of distinct parts. Let d(n) = de(n)− do(n) and
D(n) = De(n)−Do(n).

Theorem 0.6 (Euler’s Pentagonal Number Theorem [1, Cor. 1.3.8]). We have

d(n) =

{
(−1)k, if n is the kth pentagonal number,
0, if n is not pentagonal.
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Unfortunately, this result does not seem to have a generalization for factorizations. In
general, it is difficult to find any sort of rule that governs them.

Does Euler’s Pentagonal Number Theorem have a generalization for factor-
izations?

Does the set of n for which D(n) = 0 have a density?

Definition. Let D∗(n) = D(p1 · · · pn), where p1, . . . , pn are distinct primes.

The only known value of n satisfying D∗(n) = 0 is n = 2.

Are there any values of n > 2 satisfying D∗(n) = 0?

Yang [11] has an asymptotic formula for D∗(n), which we do not write here. Using
this result, he has proved the following.

Theorem 0.7. We have

#{n ≤ x : D∗(n) = 0} � x2/3.

Can we improve this bound?

Let f(n) be the number of factorizations of n. One reason D(n) is worth considering
is that (

∞∑
n=1

f(n)n−s

)−1
=
∞∑
n=1

D(n)n−s.

6. Nonconstant polynomials and the range of the totient function

Let ϕ be Euler’s totient function.

Definition. Let V (x) be the number of n ≤ x in the range of ϕ. For a given function
f , let Vf (x) be the number of n ≤ x for which f(n) is in the range of ϕ.

Theorem 0.8 ([8]). Almost all numbers are not in the range of ϕ, i.e., V (x) = o(x).

Ford has an asymptotic formula for V (x) up to a constant multiple [3].

Theorem 0.9 ([?]). Almost all squares lie outside the range of ϕ.

Theorem 0.10 ([5]). For any irreducible quadratic polynomial P , VP (x) = o(x).

See these papers for explicit bounds on VP (x).

Is it true that for any nonconstant polynomial P , VP (x) = o(x)?

For certain polynomials P , one can obtain lower bounds for VP (x) using the Bateman-
Horn Conjecture.
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