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1 Analytic functions of additive functions

Theorem 1.1 ([5, Thm. 1.3]). If f1, . . . , fk are additive functions for which every nontrivial
linear combination has a continuous distribution function, then every nonconstant polynomial
in f1, . . . , fk has a continuous distribution function as well.

Does this result still hold if we replace “nonconstant polynomial” with “nonzero
analytic function”?

Note that it does not hold if we use “nonzero continuous function” instead.

2 Polynomials and the range of the totient function

Let ϕ be Euler’s totient function.

Definition. Let V (x) be the number of n ≤ x in the range of ϕ. For a given function f , let
Vf (x) be the number of n ≤ x for which f(n) is in the range of ϕ.

Theorem 2.1 ([9]). Almost all numbers are not in the range of ϕ, i.e., V (x) = o(x).

Ford has an asymptotic formula for V (x) up to a constant multiple [2].

Theorem 2.2 ([10]). Almost all squares lie outside the range of ϕ.

Theorem 2.3 ([7]). For any irreducible quadratic polynomial P , VP (x) = o(x).

Is it true that for any nonconstant polynomial P , VP (x) = o(x)?
For certain polynomials P , one can obtain lower bounds for VP (x) using the Bateman-

Horn Conjecture.
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3 Ordered factorizations into distinct parts

Let G(n) be the number of ordered factorizations of n into distinct parts greater than 1. For
example, G(12) = 8 because we have

12 = 2 · 6 = 6 · 2 = 3 · 4 = 4 · 3.

Pollack and I [8] recently found the maximal order of G(n).

Theorem 3.1. We have
max
n≤x

G(n) =
x

L(x)1+o(1)
,

with

L(x) = exp

(
log x log3 x

log2 x

)
.

However, our proof is only existential.
Is it possible to construct an n ≤ x for which G(n) = x/L(x)1+o(1)?
In addition, we do not have a way of estimating G(n) to any real degree of precision.

We have F (n) ≤ G(n) ≤ 2Ω(n) · F (n), where F (n) is the number of unordered factorizations
of n into distinct parts, but this is imprecise when Ω(n) is large. I recently found a way of
estimating F (n) to with a factor of exp(O(log n/ log2 n)) [4].

Is it possible to estimate G(n) precisely?

Definition. Let h be an arithmetic function. The number n is an h-champion if h(n) > h(m)
for all m < n.

The function G(n) tends to be large when it is possible to express n as the product of
many distinct numbers. We note that if n = k!, then we may write n = 2 · 3 · · · k, a product
of k − 1 distinct numbers. Therefore, G(k!) ≥ (k − 1)!. However, it is plausible that G(k!)
is even larger than this.

Are the factorials G-champions? Are they (G/F )-champions?

4 Unordered factorizations

Let f(n) be the number of unordered factorizations of n into parts greater than 1. Recall
that F (n) requires the additional restriction that the parts be distinct. In general, it seems
as though f(n)/F (n) should be small. I recently found the following bound [4].

Theorem 4.1. For all n, we have

f(n) ≤ F (n) · 2bΩ(n)/2c.

However, Ω(n) can be as large as log n/ log 2. In the worst case scenario, we have

f(n) ≤ F (n)
√
n,

which is too large to be interesting. I recently posed the following conjecture.
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Conjecture 4.2. The number n is an (f/F )-champion if and only if n is a power of 2 other
than 2, 8, and 32.

The heuristic argument is that f(n)/F (n) is large when n has many repeated prime
factors and that we maximize the number of repeated prime factors by letting n be a power
of 2. I have also verified this conjecture for all n up to 1 million. Because we have asymptotic
bounds for f(n) and F (n) when n is a power of 2 [3], we can bound f(n)/F (n) under this
assumption.

Theorem 4.3. Assume the previous conjecture. Then,

f(n) = F (n) · exp(O(
√

log n)).

5 The ranges of factorization functions

Let F(x) be the set of n ≤ x which lie in the range of f . Balasubramanian and Srivastav [1]
recently showed that

#F(x) ≤ exp

(
(1 + o(1))2π

√
2

3

√
log x

log2 x

)
.

(I subsequently improved the constant to π
√

2.) However, there is still no nice lower bound
for this quantity. However, they conjecture that the upper bound is close to being optimal
in the following sense.

Conjecture 5.1. There exists a positive constant C such that

#F(x) = exp

(
(C + o(1))

√
log x

log2 x

)
.

Let g(n) be the number of ordered factorizations into distinct parts greater than 1. For
F , g, and G, we have the same situation that we do for F (see [4, 6].)
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